Motives for elliptic modular groups 



By Takashi Ichikawa 
Abstract 

In order to study the arithmetic structure of elhptic modular groups which are 
the fundamental groups of compactified modular curves, these truncated group 
algebras and their direct sums are considered as elliptic modular motives. Our 
main result is a new theory of Hecke operators on these motives which gives a 
congruence relation to the Galois action, and a motivic decomposition to Hecke 
components on which Hecke operators act as scalar plus nilpotent matrices. As 
its application, we show that these motives become the direct sums of pure 
motives over certain number fields, and describe iterated Shimura integrals by 
the products of ordinary period integrals. Further, we give a description of these 
motives as the spaces of noncommutative modular symbols with Hecke action. 

1. Introduction 

Under the influence of Grothendieck's consideration on motives, Deligne [D2] 
started the motivic theory of the fundamental groups tti (X) of algebraic varieties 
X, and he showed that the motives for vri (P^ — {0, 1, oo}) have rich structure 
as mixed Tate motives. The aim of this paper is to study elliptic modular mo- 
tives constructed from the elliptic modular group vri (M„,(C)), where M„ is the 
compactified modular curve over Z [1/n] of level n > 3. 

In order to construct motives over Q according to Deligne's theory, we define 
the Betti realization of an elliptic modular motive as the direct sum of the trun- 
cated group algebras of tti (M„(C)) whose base points run through the cusps on 
Mn- This /-adic structure with action of the absolute Galois group Gal (Q/Q) 
of Q is derived from the natural Z[l/?T,]-scheme structure on M„, and the Hodge 
structure is described by iterated integrals of 1-forms on M„(C). This motive has 
mixed structure whose pure components are subquotients of Hi (M„(C); Q)*^*, 
and hence these components consist of tensor products of the dual motives at- 
tached to cusp forms of weight 2 of level n. 

Our main result is to construct a new theory of Hecke operators which act 
on this elliptic modular motive and satisfy a congruence relation to the Galois 
action. The geometric congruence relation, which was given by Eichler, Shimura 
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[S] and completed by Deligne [Dl], is already essential to define the Hecke action 
before showing the congruence relation. This Hecke theory has the following 
applications: 

• Our Hecke action preserves the motivic structure of the elliptic modular 
motive, and iterated integrals of holomorphic 1-forms on Mjj(C), called 
iterated Shimura integrals of weight 2 (cf. [Ml, 2]), arc regarded as periods 
of this motive. Therefore, one can see that there is Hecke action on the 
space of these iterated integrals which gives a partial solution to a problem 
posed in [M2, 3.3] defining such action on the space of iterated Shimura 
integrals of any weight. 

• The elliptic modular motive is decomposed to the direct sum of submotives 
called Hecke components corresponding to scalar-valued representations of 
the Hecke algebra. On these Hecke components, Hecke operators act as 
scalar plus nilpotent matrices, and hence the study of the motivic structure 
becomes easier. In particular, using the above noncommutative congruence 
relation, we will show that this motive becomes the direct sum of pure 
motives over a number field, and describe iterated Shimura integrals of 
weight 2 by the products of period integrals. 

The last assertion is apphed to expressing multiple L-values of cusp forms of 
weight 2 by their ordinary L-values. 

Furthermore, we describe the Betti realization of the elliptic modular motive 
as the space of noncommutative modular symbols, and show that the Hecke action 
can be computed using these symbols. 

2. Elliptic modular motives 

2.1. In this section, we construct motives for elliptic modular groups based 
on Dclignc's theory [Dl]- Let tti be the topological fundamental group tti (X; x) 
of a Riemann surface X with base point x. Then tti is finitely generated. Denote 
by Q [tti] the group Q-algebra of tti with the augmentation ideal /, and by 

Q[7ri]^ = lmiQ[7ri] /J'", 

the completion of Q [tti] with the ideal / given as the completion of /. Let 

A:Q[7ri]^^Q[7ri]^gQ[7ri]^ 
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be the diagonal homomorphism which is a continuous algebra homomorphism 
induced from g ^ g ® g {g & ■ni). Then the Malcev Lie algebra Lie(7ri) of tti is 
defined as the set 

{aeQ[7ri]'^ I A(a) = l®a + a®l] 

of primitive elements in which the bracket product [a, h] is given by ah — ha. Then 
the exponential map 

oo j 

exp(a) = J] ^ 
gives a bijection from Lie(7ri) onto the set 

e Q ki]^ I ^ - 1 e A(^) = ^ ® 5 } 
of grouplike elements, and its inverse map is the logarithmic map 

1=1 

For a positive integer A^, let 

Am{X-x)^Q[k^{X-x)]/I''+^ 

be the A'"th truncated group algebra of t^-i{X;x) over Q. Then the A'"th trun- 
cated Malcev Lie algebra Lie7v(vri) = Lie^v (tti (-^; a;)) is defined as the image 
of Lie (7ri(X; x)) into An{X\x) by the natural projection. The corresponding 
unipotcnt algebraic group Gn = Gn (tti {X; x)) over Q is characterized by that 
Gn (Q) consists of the images of grouplike elements into An{X;x) by the natu- 
ral projection. Further, for any field K of characteristic 0, the exponential and 
logarithmic maps give bijections Liejv(7ri) (S>K i — > Gn (K) which are inverse to 
each other. 

Proposition 2.1. If gi,g2 e Gn{K) satisfy that g\ — gl for some positive 
integer t, then gi — g2- 

Proof. By the assumption, 

f \og{g\) \ f \og{gi) \ 

gi = exp — - — = exp — - — = g2 



which completes the proof. □ 

For a prime /, denote by 7i[ the Z-adic (algebraic) fundamental group. For re- 
sults on this subject, see [G]. Then for x E X, the /-adic completion of 7ii{X; x) is 
canonically isomorphic to 7i[{X; x), and hence the natural group homomorphism 

(f>x ■ 7ri(X; x) ^ Gj, (Q) C Aj,{X; x) 
gives rise to a group homomorphism 

n[{X;x)^GN{Qi)(ZAN{X;x)®Qi 
which we denote by the same symbol. 

2.2. Let n be an integer > 3, denote by P„ the set of primitive n-th roots of 
1, and by Rn the subring Z[l/n, (] of C, where C is an element of Let be 
the affine modular curve over Z[l/n] which classifies eUiptic curves E with level 
n structure, i.e., isomorphism 

A : (Z/nZ)®' -4 E[n] = Ker(n : E E). 

For each ( G P„, let be the modular curve over Rn which classifies (P, A) such 
that e(a, 6) = C^^^ ^""^'^ where e denotes the Weil pairing, and ■'tp denotes 
the standard symplectic form. Then each is geometrically irreducible, and 

Further, M^(C) = H/T{n), where H = {r E C \ lm(r) > 0} denotes the Poincare 
upper half plane, and r(n) = Ker (S'L2(Z) — >■ SL2 (Tj/nZ)) denotes the principal 
congruence subgroup of level n. Let M = U be the compactified modular 
curve over Rn, where denotes the scheme of cusps which is finite and etale 
over Rn and consisting of i?„-rational points (see [1]). Then M^(C) = H/r{n), 
where H = H U P^(Q), and there is a unique proper smooth curve M„ over 
Z[l/n] such that M„ ® i?„ = UceP^ ^C- 

In what follows, fix a positive integer N. Then the Betti realization V = 
of the Nth truncated elliptic modular motive of level n is defined as the direct 
sum of the A^th truncated group algebra of tti (M^(C);q;), where ( and a run 
through Pn and respectively: 

^ = ^iv = 0Aiv(Mc(C);a). 
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We regard V together with the following structure as a motive. 

First, we consider the /-adic structure on V, i.e., the Gal (Q/Q)-module struc- 
ture on V^Qi. For x eM^ (Q) , tt[ (M^(C); x) = tt{ (M^ ® Q; x) is the automor- 
phism group of the fiber systems {fy^ix)} for Galois coverings /y : y — > 
of Z-power degree. Therefore, for a e Gal (Q/Q), the correspondence 



'y a o'y o a ^ (7 e TTi (Mf(C);a;)) 
together with (pj^^^Q give a Qr algebra homomorphism 

r]{a) : An {Mc{Cy,x) ® Qi ^ An (M<.(o(C); ® Q;. 



Since is stable under the Galois action over Q, Gal (Q/Q) acts naturally 

on V ®Qi. 

Second, following Hain [HI, 2] (see also [Mo]), we consider weight and Hodge 
filtrations of V. Chen [CI, 2] showed that An (M^(C);a) ® C is dual to the 
C- vector space Bn (M^(C); a) consisting of finite sums of iterated integrals 



/ 



wi - ■ -Wr {wi : smooth 1-forms on M^(C), r < N) 

which are homotopy functional on {loops based at a}. Hence V ®Cis dual to 

5iv = 05iv(Mc(C);a), 

where (,a run through Pn,C(^ respectively. Hain [HI, 2] defined the weight and 
Hodge filtrations of Bn as 

p'^ (B \ CV) { sums of iterated integrals of 1-forms with > k dz^s, 1 
Nj Vjy I where z is a. holomorphic coordinate on J ' 

and hence by the duahty, V has weight filtration and V<SiC has Hodge filtration. 
Furthermore, Hain defined de Rham structure on V which is induced from the 
de Rham cohomology group i^oR (-^c! Q(C)) is compatible with the Hodge 
filtration on V ®C 
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Finally, we only notice that the crystalline structure on V is induced from 
that on the first cohomology groups of {( G Pn) and is constructed by Shiho 
[S]. 



3. Congruence relation 

3.1. For a subfield k of C, an algebraic correspondence on M„ k means a 
A;-morphism ti x T2 from a 1-dimensional /c-scheme Z to (M„ x M„) ® /c such 
that Ti and r2 are finite and fiat surjective morphisms Z — )■ M„ ® /c. Then for a 
prime Z and a fc-rational point z & Z (A;) on the completion Z of Z, an algebraic 
correspondence Ti x T2 : Z ^ (M„ x M„) (g) A; is called compatible with Tr{ and z 
if the following conditions are satisfied: 

(3.1) Z (S)k is a. direct sum |JceP„ ^C/k connected and reduced schemes over k 
such that for i — 1,2, Ti{Z^^-^) — ® k for some Q e P„. 

(3.2) Denote by the same symbol the natural extension of Tj from the completion 
Z^i-j: of Z^j-j: into (g) k, and denote by 

TT^ (r,) : Tri (z^/^; ^) ^ (M^, (g) ^; ri(z)) {i = 1, 2) 

the natural group homomorphisms. Then there exists a group homomor- 
phism 

L, : n[ (M^^ O k; Ti{z)) n[ (M^^ (g) k; T2{z)) 
such that iz o 7r[(ri) = 7rJ(r2). 

Let Ti X T2 '■ Z ^ {Mn X Mn) ® k be an algebraic correspondence compatible 
with vr' and any point on ^^/^ {k) ■ Since ti : ^^/^ M^-^ (g) A; is finite, fiat 
and surjective, the scheme theoretic fiber t-^^{x) of a; G M^j (A;) is expressed as 
^^mj ■ Zi with G N and G 2'^/^ (A;) such that 'Y^^mi = deg(ri). Then for 
7 G TT^ (M^j ®k;x), one can define 

^(^)(7) = X]^^ ■ ('^Mc^CC) ° ^^,) (7) 
j 

G 0A^(M^,(C);T2(^O)<»Qi- 
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Since each /.^^ is a group homomorphism, E{Z) gives rise to Q/-linear cndomor- 
phisms of the direct sums of An (M^(C);a;) ® for ( E Pn and x G (/c). 
This endomorphism is also denoted by E(Z) — E(ti x T2). 

Proposition 3.1. Let ti x t2, t[ x T2 be algebraic correspondences Z, Z' — )■ 
(M„ X M„) ® k compatible with 7r{ and any point on Z (/c) , Z' (/c) respectively. 
Then the product Z ■ Z' of these correspondences is also compatible with Tr{ and 
any point on {Z ■ Z') (k), and E{Z') o E{Z) ^E{Z -Z'). 

Proof. Since the product Z ■ Z' \s defined as the fiber product of r2 : ^ — > 
Mn ® k and t[ : Z' ^ Mn ® k over M„ ® k, there are natural projections 
n : Z ■ Z' ^ Z and t:' : Z ■ Z' ^ Z' . Let t, u' be the homomorphisms given in 
(3.2) for Ti X r2, t[ x T2 respectively. Then r2 o vr = r( o vr' on (Z • Z'), and hence 
''7r'(2) ° ''^(•2) satisfies (3.2) for any z E {Z ■ Z') (¥) because 

° ^-(.)) ° TT^l'^i ° tt) = o t:{{t2 o tt) = o 7r^(T{ o tt') = 7r|(r^ o tt'). 

For a; G M,^-^ (A;), let rf ^(x) = "mfZi and 7r"^(2;i) = nij-wij, where "^i = 
deg(ri) and Y.j^ij = deg(7r) = deg(r{). Then {t[)~^ (Mzi)) = J^j^ij ' ^'i^ij), 
and hence for 7 G 7r[ (M^^ fc; x), 

{E{Z') o E{Z)) ij) = £;(Z')(^^m,-(0oO(7) 
= E{Z-Z'){j) 

which implies that E{Z') o E{Z) = E {Z ■ Z') holds on the direct sums of 

An (M(;{Cy,x) (g) Qi for C G P„ and x G (k) . □ 

3.2. Let g G GL2(Q) has integral entries and positive determinant d prime 
to n. Then r{n,g) = T{n) fl g^^T{n)g is finite index in T{n) and in g~^T{n)g. 
Under an identification M^(C) = H/T{n), there exists a natural model Zq of 
H/r{n, g) over Q because r(n, g') D F (det(g') • n). Further, let 

n : Z^{C) = i^/F(n,g) ^ M^C) = i//F(n) 
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be the natural surjection which we denote by 7r(gi), and let T2 : Z(^{C) M^(C) 
be the composite 

Zc(C) = H/r{n,g) H /V {n,g-') ""^^ M^.(C). 

Then n x : Z{C) = \J^^p^ Z^{C) M„(C) x M„(C) gives an algebraic 
correspondence on M„ ® C called a Hecke correspondence and denoted by T{g). 
Since M^(C) = H/r{n) and Z^(C) = ^/r(n, g), 

rr' (Cc) = r,-^ (Q.) = - Z^. 

Proposition 3.2. For i = 1,2 anc? 2; e 'Z^{C), the Q-algebra homomor- 
phism 

A^in) : Ar, (Z^{Cy,z) ^ A^ (M^,(C); t,(;^)) (Ci = C, C2 = C') 
induced from the natural group homomorphism 

7ri(T0 : TTi (Zc(C);;.) ^ tti (Mc,(C); r,(;^)) 

25 surjective. 

Proof. We may prove the assertion for i — 1. Take 7 G tti (M^(C); ri(2;)) . 
Since tti (Z^(C)) = r{n,g) has finite index in tti (Af(^'(C)) = r(rz) and the natural 
homomorphism tti {M(;{C);ti{z)) tti (M^(C); ri(2)) (if ti{z) ^ M^, then we 
consider Ti{z) as a tangential base point) is surjective, there are a positive integer 
t and 7 G TTi (Z^(C);2;) such that 7* = 7ri(ri) (7). Since An{ti) is a Q-algebra 
homomorphism. 




belongs to the image of A{ti), and hence this map is surjective. □ 

Proposition 3.3. Assume that T{g) is compatible with 7r{ and a point zq 
on (C) . Then we have: 
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(1) Let z be any point on Zc_ (C). Then T{g) is compatible with 7t[ and z, and 
(j) o gives a unique Q-algebra homomorphism 

{M^{Cy,n{z)) ^ Aj, (M^d(C);T2(^)) 

satisfying that Aisf{Lz) o ^jv(ti) = ^Ar(T2). 

(2) E {T{g)) gives naturally a Q-linear endomorphism of 

V^@AN{M^{C)-a). 

(3) IfT{g) is an algebraic correspondence on Mn ® Q, then rj{a) o E {T{g)) — 
E {T{g)) o ri{a) onV<^Qi for any a e Gal (Q/Q) • 

Proof. First, we prove (1). For the proper smooth curves X = (8> C and 
(g) C over C, and a point x G -^(C), note that tt{{X;x) = tt{{X(C);x) is 
the automorphism group of the fiber system of x on pro-Z Galois coverings of 
X{C). Therefore, taking inner automorphisms given by a path connecting zo,z 
and their images by Xj (i = 1, 2), one can see that T{g) is compatible with 7r[ and 
z. The uniqueness of such a Q-algebra homomorphism follows from Proposition 
3.2, and we prove the existence. For 7 G tti (M^(C); ri(2;)) , as seen in the proof 
of Proposition 3.2, there are a positive integer t and 7 G tti (Z^(C); z) such that 
7* = 7ri(Ti)(7). Then by (3.2), 

(fe^d(C) ° i^z) (7)* = (<^M^d{C) ° ^i('^2)) (7) 

= exp Qlog ((0M^,(c) °7ri(T2)) (7))^ , 
and hence by Proposition 2.1, we have 




G A^(M^.(C);r2(^)). 
Since 0m^^(c) ° '-z is a group homomorphism, it gives a Q-algebra homomorphism 

A^ii,) : Am (M^{C);n{z)) ^ A^ {M^4C);t2{z)) 
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which satisfies that 

= An{t2) ( exp f - log ((f>z^^c) (7)) 



and that An{lz) o An{ti) = An{t2) generally. 

Second, the assertion (2) follows from (1) because T2 (rf ""^(C^)) C C^d, and 
then we prove (3). Take a G with fiber r^^{a) = '^^nii ■ [5i G — Zq) 
and 7 G TTi (M^(C); a). Since ti and r2 are Q-morphisms, by the expression 

{(hi^m ° ^ft) (7) = exp Q log ((0M^,(c) ° 7ri(T2)) (7) 
we have 

{rj{a) o E{T{g))) (7) = 7y(<7) " ('^M^d(C) ° ^ft) (7) j 

i 

= (£;(r(^))or7(a))(7). 

Therefore, the commutativity of r]{a) and E{T{g)) also holds on ^ (g) Q;. □ 

3.3. We will prove that some Hecke correspondences are compatible with 
tt', and give endomorphisms of V satisfying the congruence relation. Let p be a 
prime not dividing n, and let R be a subring of Q containing i?„ such that R is 
a Henselian ring with residue field Fp. Since is proper smooth over by a 
result in [G] , for any prime I ^ p, 

and hence the p-th power (absolute Probenius) morphism gives a group isomor- 
phism 7i{ (M^ (g) Q) n{ (Mqp (g) Q) which we denote by Fp. 

We recall results in [Dl, §4] and [KM, §6]. Let T{p,p) : Mn ^ Mn x Mn 
be the morphism over Z[l/n] sending {E,X) to {{E, X), {E,pX)). Then T{p,p) 
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gives an algebraic correspondence on M„ (g) Q, and T{p,p)i^C — T 

Let M„p be the moduli scheme over Z[l/n] classifying {{Ei, Xi)i=i^2,^), where 
Ei are elliptic curves with level n structure Aj, and (p : Ei ^ E2 are isogenics 
of degree p such that A2 = o Ai. Then M„^p becomes a regular scheme. For 
each i = 1,2, let pi : M„_p — )■ M^j be the Z[l/n]-morphism sending ip : (£'1, Ai) 
{E2, A2) to (ii^j, Aj). Then pj is a finite and fiat surjective morphism, and hence 
pi X p2 : Mn,p — >■ Mn X M„ gives an algebraic correspondence on M„ (g) Q which 

we denote by T{p). By definition, T{p) (g) C = T J P ))' ^1 

$2 be the morphisms M„ Fp ^ ® ¥p sending [E, A) to the Frobenius 

F : (E,A) ^ (E(f),A(f)) and to the Vershiebung V : {E^P\pX^P'>) {E,\) 
respectively. Then it is known as the geometric congruence relation that 

f (pi X P2) o $1 = id. X F, 

\(piXp2)o$2 = (r(p,p)-^oF) Xid., 

where F : Mn ® Fp — )■ M„ (g) Fp denotes the Frobenius morphism. 

Proposition 3.4. For a prime I 7^ p, the algebraic correspondences T(p,p) 
and T{p) on ® Q are compatible with ti{ and any z e M„ (i?) . 

Proof. The compatibility of T{p,p) with tt[ is clear because the correspon- 
dence {E, A) I— 7> {E,p\) gives an automorphism of M„ sending its cusps to those 
bijectively. For each G P^, let M^^p be the moduli scheme over i?„ classify- 
ing isogenics ip : {Ei,\i) — > (£'2,A2) of degree p such that (£'i,Ai) G and 
(-E2, A2) G M^p. Then Mn,p<S>Rn = Uc6P„ -^Cp M^,p(8)Q is irreducible. Hence 
(3.1) is satisfied for Z^^-j^ — M^_p(g)Q and = pj. Further, M^^p(g)Fp is a connected 
and reduced scheme obtained as the union of $1 (M^ O Fp) and $2 {M^p ® ^p) 
at the supcrsingular points. Let M^^p be the normalization of in the func- 
tion field of M^^p. Then Af^^^p is proper over and hence 7t[ (M(^^p i?) is 
naturally isomorphic to 7t[ (M^^p ® Fp) . Let pi : ^C,p ~^ t>e the natu- 
ral projection which is a unique extension of pi : M^^p — )■ M^. Further, M^p 
is normal and M^p is proper over hence there exists a unique morphism 
P2 : M^p — )> M^p which extends p2 : M^^p — >■ M^p and is induced from the 
Neron model of the corresponding elliptic curve over p with level n structure. 
Note that $1 (Af^ (Fp)) U $2 {M^^p (Fp)) = M^,p (Fp), and let be either Fp 
or Fp^ o E {T{p,p)) when the reduction of z belongs to either $1 (Af^ (^p)) 
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$2 {M^p (Fp)) -$i (M^ (Fp)) respectively. Then gives group homomorphisms 
Tr[ (M^ ® Fp; pi{z)) n[ {M^. F^; p2{z)) , 

and 

ttI (Mc ® Fp; Pi (2)) = vrl (M^ ® Q; pi (^)) 

Further, by the geometric congruence relation, Lz o tt' (pi) — 7r[ (P2) holds on 
7r[ (M^^p (g) Fp; 2;) . Therefore, o tt^ (p^) = tt^ (P2) holds on 

TT^ (M^,p (g) Fp; 2) ^ 7r[ (M^,p (g :R; , 
and hence on Tr{ {M^^^p ® Q; z^ via the natural group homomorphism 

Ti[ (M^,p ® Q; ;2) ^ ttI (M^,p ® :R; ^) . 
Therefore, (3.2) is satisfied. □ 

Theorem 3.5. Let p he a prime not dividing n. 

(1) E{T{p,p)) and E (T{p)) give naturally Q-linear endomorphisrns ofV. 

(2) For a prime I ^ p, the congruence relation 

E {T{p)) = Fp +p (F-i o E {T{p,p))) 

holds on V <^ Qi. 

Proof. The assertion (1) follows from Propositions 3.3 and 3.4, and then we 
prove (2). By [KM, Theorem 10.12.2], p^ : M^,p is flat, and hence by the 

geometric congruence relation, 

P2 ° (Pi)~^ = Vp+P- {Vp^ °T{p,p)) 

holds on (g) Fp, where (fp is the p-th power map. Since is finite, etale over 
Rn and consists of i?„-rational points, 

P2 o ^ip + p- {(f-^ o T{p, p)) 

holds on Cf, where ip G Gal (Q(C)/Q) is a Frobenius automorphism at p. There- 
fore, the proof of Proposition 3.4 implies (2). □ 
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4. Decomposition by Hecke action 



4.1. In this section, we introduce a theory of Hecke operators which gives a 
motivic decomposition of the elliptic modular motive with congruence relation. 
Let "H be the Hecke algebra which is defined as a Z-algebra generated by double 
coset classes by r(n) of T(p), T(p,p) for primes p not dividing n. Then it is 
shown in [Sm] that T-L becomes a commutative ring. 

Proposition 4.1. There exists a unique Z-algebra homomorphism "H — ?■ 
End(V) sending T{p) and T{p,p) to E{T{p)) andE{T{p,p)) respectively for 
primes p not dividing n. 

Proof. The assertion follows from Propositions 3.1, 3.3, 3.4 and that for two 
Hecke correspondences, their product in % corresponds to that as an algebraic 
correspondence. □ 

We call the images of the above "H — )> End(y) Hecke operators in our theory. 
Let T{g) = T1XT2 be the Hecke correspondence T{p) or T{p,p) for a prime p not 
dividing n, and put d — det(5f). Then for any cusp ^ e — Z^, the Q-algebra 
homomorphism An{lp) : (M^(C); ti(^)) An (M^d(C); T2(^)) is defined in 
3.2. and our T{g) becomes these sum, where P runs through the scheme theoretic 
fiber of a cusp in C^. 

Theorem 4.2. Any Hecke operator is commutative with the Galois action 
on V <S> Qh and preserves the weight and Hodge filtrations ofV<S>C 

Proof. The former assertion follows from Proposition 3.3 (3), and we will 
show the second one. Let T{g) = ti x T2 be the Hecke correspondence T(p) or 
T[p,p) for a prime p not dividing n, and put d — det{g). Then for any cusp 
(3 & — and i = 1,2, by Proposition 3.2, 

A^in) : An {ZciC);z) ^ An {McM;niz)) 

is surjective and preserves the weight filtrations. Further, : ^^(C) — )> Mq{C) 
is a holomorphic map, and hence Ajv(Tj) preserves the Hodge decompositions. 
Therefore, ^Ar(ri) gives a surjection between each pair of the Hodge components. 
Since Ajv(i^) oAn{ti) — An{t2) by Proposition 3.3, AAr(<-^) preserves the Hodge 
decompositions oiV<^C, and hence their sum T{g) has the same property. □ 
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The following corollary gives a solution to a problem posed by Manin [M2, 
3.3] for cusp forms of weight 2. 

Corollary 4.3. Let Bn be as in 2.2 which is the dual space ofV^C with 
action ofH. Then the suhspace of Bn spanned by iterated Shimura integrals 

J cui ■ ■ ■ cjn (cuj : holomorphic 1-forms on M^(C)) 

is stable under the action ofH. 

Proof. Iterated integrals of holomorphic 1-forms are homotopy functional, and 
by Theorem 4.2, the action of % preserves the Hodge filtration of B^, especially 
its subspace F^{Bn). □ 

4.2. Since V is finite dimensional over Q, the eigenvalues of each Hecke 
operator are in Q. For each representation £ : — > Q, i.e., Z-algebra homomor- 
phism, we define the Hecke component for e as the subspace of = y (8)Q given 

by 

W = n ([jKer{{h-eih)r)\. 
hen VmeN / 

Then by the commutativity of "H, is decomposed to the direct sum of the 
Hecke components: 

and hence by Theorems 4.2 and 3.5 (2), we have: 
Theorem 4.4. 

(1) %(£)(8)Q; has Galois action by a^id^^ {a e Gal (Q/Q)) on (V Qi)®Qi, 
and VQ{e) (8> C has mixed Hodge structure which are compatible with the 
motivic structure on V. 

(2) For a prime I ^ p, the congruence relation 

E (Tip)) =F,+p (F-i o E (T(p,p))) 
holds on VQ{e) (8) Q;. 
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4.3. We study the mixedness of V in the category of motives over Q, where 
morphisms are considered as Q-hnear homomorphisms compatible with Galois 
action and with weight and Hodge filtrations. For each ( e Pn and a e let 
/(C, a) be the augmentation ideal of Q [tti (M^(C); a)] , and put 

which make a decreasing sequence of Q-subspaces of V. By construction, the 
action of H preserves this filtration. 

Theorem 4.5. For all integers 1 < I < m < N , the exact sequence 

^ (/7/™) Q ^ Q ^ (///') Q ^ 

splits as motives over Q. 

Proof. Let p be a prime not dividing n. Then by a famous result of Weil, 

/(C,a)//(C,«)' = i^i(Mc(C);Q) 

has pure weight —1, i.e., after scalar-extended to Q;, a p^th power Frobenius ho- 
momorphism has eigenvalues with absolute value p*^/^. Hence by the surjectivity 
of the natural Q-linear homomorphism 

each 7"*/7"^+i has pure weight —m. As seen above, / (g) Q is the direct sum of 

%(£) = %(£)n(/0Q) 

as a motive over Q. Therefore, to show the assertion, we may prove that /q(£) n 
(g) Q) becomes either {0} or /q(£) for any e and m > 2 since in this case, 
(ji Ijm^ (g) Q is isomorphic to the direct sum of I-^{e) which are contained in 
(8) Q and not contained in ® Q. Assume on the contrary that 

{0} <zw^ = Jq(£) n (J'" ® Q) c = 

for some e and m > 2. Let ei and 62 be the eigenvalues of the Frobenius Fp on 
Wi^Qi and on {W2/Wi)®Qi respectively. Then by Theorem 4.4 (2), ci and 62 are 
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the roots of — €{T(p))x + p ■ €{T(p, p)) = such that p^/^ < |e2| < p™-/^ < |ei|. 
Therefore, \p ■ e{T{p,p))\ = \e\e2\ > p which contradicts with that E{T{p,p)) is 
an automorphism of V with finite order. This completes the proof. □ 

Theorem 4.6. Fix ( e Pn and a e C^. Then for any 7 G tti (M^(C); a) 
and all holomorphic 1- forms ui, ...,Um on M^(C), there exist a positive integer 
I, dj e Q and Sij e Hi (M^(C); Z) (1 < i < m, 1 < j < /) such that 

/ OJi---UJm = 

Proof. Wc use results in [H2, §6] with some extension. Take {g{(,a)i}^ C 
/(Cct) giving a basis of I / 1"^ which also provides a section of the projection 
j^jm+i _^ j/j'm^ For each element wi<^- ■ -^Wm [wi : closed 1-forms on M^(C)) 
of a basis of 

Hom (J(C, af'/IiC, ar+\ Q)®C^H, (M^(C); C)®" 

with Hodge filtration, take a set {uji, ...,Ujnj}j {rij < m) of 1-forms on M^(C) 
such that 




J 

is a homotopy functional iterated integral. Then the bilinear form 



(7 — 1, Wi ■ ■■ ^Wr, 

J Wi - ■ ■Wm + ^ J Uji--- Ujn^ (7 G TTi (M^(C); o)) , 

(7 e TTi (Mc'(C);aO for ^ (C, a)) 

gives a retraction of the inclusion (/™//™+^)(8>C — ?■ (//J™'"'""^)(8)C which preserves 
their Hodge filtrations. Therefore, the extension data of 

as their mixed Hodge structures over Q is given as an element of 

Hom (///™, 1^/1^+^) C 
FO (Hom (///"*, ® C) + Hom (J//'", 1^/1^+^) ® Q 
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which sends g{(,a)i to 

Wi <S> ■ ■ ■ <S> Wm ^ {g{C, Oi)i, Wi<S> ■■ - tS) Wm) ■ 



Since cui, ...,0;^ are holomorphic, y cui ■ ■ ■ uom is homotopy functional, and any 
element of F° (Horn (J/J™, 1^/1^+^) ® C) sends each element of ///'" to 

F™ (Hom (/'"//'"+\ Q) ® C) 9 c^i • • • ^ 
because F"^ (Hom (7/7"*, Q) ® C) = {0}. Therefore, by Theorem 4.5, 

(g) • • • (8) u;^ 1-^ {g{C, Oi)h i^Ji®---® uj^) 

belongs to (/'"//'"+I) (g) and hence becomes a Q-hnear sum of JJ^ / cui for 
some 5i e 77i (A7(;(C);Z). □ 



Theorem 4.6 and calculation of iterated Shimura integrals in [Ml] imply the 
following: 

Corollary 4.7. For cusp forms 

00 

^Q(/)e2^^'^/" (1 < i < m) 



00 
1=1 



of weight 2 and level n, and for a G r(n) (\/— T • 00) , the multiple L-value 

Cl(^m ~ Im-l) ■ ■ ■ Cmjh) ^27r7=T;^a/n 

becomes a Q-linear sum of the products 



m / 00 



Ci (/j 



J-j- ^ ^27r^/=Tiiai/n 



of L-values for some Oj e r(n) (\/— T • 00) . 

Remark. As is seen in the above consideration, "Q" in Theorems 4.5, 4.6 
and Corollary 4.7 can be replaced with a finite extension of Q over which the 
decomposition 7 = ^^H^)- 
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5. Noncommutative modular symbols 



5.1. In this section, we express the Betti realization of the elliptic modular 
motive as the space of noncommutative modular symbols, and describe the action 
of Hecke operators on this space. This description will be useful in computing 
our Hecke action. For an element ( e Pn and a cusp a G = P^(Q)/r(n) 
on M^(C) = H/V{n), let M.n{C,t'^) be the space of A^th truncated (cuspidal) 
noncommutative modular symbols which is defined to be a Q-algebra generated 
by symbols 



where a, b belongs to a (: considered as a r(n)-orbit), satisfying the relations: 



• [a, b] ■ [6, c] = [a, c], 

• V^M = [7(a), 7(^)] for any 7 e r(n), 

• [a, 7(a)] = 1 for any parabolic 7 e r(n), 

• ([ai, 61] - 1) • ([02, 62] - 1) ([ojv+i, &7v+i] - 1) = 0. 

By these relations, A^Ar(C, o) is generated by [a, b] for a fixed a e P^(Q) as a Q- 
vector space, and A1i(C, «)/ (Q ■ 1) becomes the space of usual modular symbols 
{a, b} by the correspondence [a, b] — l + {a, b}. Furthermore, by associating [a, b] 
with the image in M(C) of an oriented path from a to 6 in if, we have 



5.2. Under the above isomorphism, we describe the action of Hecke opera- 
tors on noncommutative modular symbols. For a Hecke correspondence T{g) — 
T{p),T{p,p) for a prime p not dividing n, put d — det{g), r{n,g) — r(n) fl 

g^^T{n)g. Further, fix a,Q G P^(Q), and put Qj = 7j(ao) for a coset decomposi- 
tion r(n) = IJ^. r(n, 5')7j. Then for each [aj, b] G A^Ar(C, «), take 7 G r(n) and a 
positive integer t such that b = ^{aj) and 7* G r(n, gi), and define 



[a, 6] G P^(Q) X P^(Q) 



• [a, a] = 1, 
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Since (77* G T{n)g, E{g, aj) {[aj, b]) belongs to A^^v {C^, where aj is the cusp 
given by g{aj). Then by Proposition 3.3 and its proof, we have: 

Theorem 5.1. Let (3j be the cusp on H/r{n,g) given by aj. Then 
E{g,aj) = 0o L/^^ on A4n{Ct'^) — {M(^{C);a) , and hence E{g,aj) gives 
a well-defined Q-algebra homomorphism. 

Corollary 5.2. E(T(g)) = ^jE{g,aj) onV ^ ^t^a-^^iCa), where 
(, a run through Pn, Cq respectively. 

Department of Mathematics, Faculty of Science and Engineer- 
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